Abstract-The smallest possible whispering-gallery-like mode (WGM) formed in a free-standing square-lattice photonic-crystal slab single-defect cavity is studied by using the three-dimensional finite-difference time-domain method. The WGM is nondegenerate and the only existing resonant mode in the transverse electric mode bandgap of the square lattice. High-quality factors are achieved from this mode by suppressing both the in-plane and the out-of-plane optical losses. By optimizing the structural parameters, the total quality factor 18 000 and the vertical quality factor 40 000 are obtained from the WGM. The quality factor does not decrease significantly in the presence of a current flow path at the center of the cavity due to the null of electromagnetic energy at the cavity center, which means this mode is advantageous to achieve electrically pumped photonic-crystal lasers. In addition, by combining the high-quality factor with wavelength-size small-mode volume, very high Purcell factors 8000 are achieved, the largest value ever reported. The WGM of the square-lattice single-defect cavity is promising for both cavity quantum electrodynamics research and the low-threshold microcavity laser.
I. INTRODUCTION

S
INCE Purcell predicted that spontaneous emission can be altered by modification of the properties of the radiation field [1] , considerable efforts have been made to control the spontaneous emission with the use of low-loss wavelength-size cavities [2] , [3] . The spontaneous emission enhancement in a microcavity is one of the consequences of cavity quantum electrodynamics (CQED). The spontaneous emission rate of a resonant mode in a microcavity is enhanced by the amount known as a Purcell factor under the condition that the emission linewidth of the active material is narrower than the cavity resonance linewidth.
The Purcell factor is expressed as follows [4] , [5] :
(1) where , , , and are the quality factor, effective mode volume, refractive index of material, and the resonant wavelength, respectively. A large Purcell factor can be obtained from the high-mode with small mode volume. This figure of merit is useful for comparing the potential of different kinds of microcavities for spontaneous emission enhancement. In order to observe noticeable change of spontaneous emission, it is essential to fabricate the microcavity providing three-dimensional (3-D) photon confinement. For example, an enhanced spontaneous emission rate has been reported from 3-D microcavities such as microdisks [6] , [7] and micropillars [8] , [9] . Up to 5-and 12-times enhancement have been experimentally demonstrated for a pillar and a microdisk cavity, respectively. Theoretically estimated Purcell factors of these cavities are as large as 200 [8] , [10] .
Photonic-crystal structures are expected to exhibit even higher spontaneous emission enhancement [11] . Photonic crystals offer various ways to modify the spontaneous emission by forming a low-loss wavelength-size cavity mode. A relatively simple way to achieve strong 3-D photon confinement is to combine a two-dimensional (2-D) photonic crystal with a strong-guiding slab waveguide [5] , [12] . A single-defect cavity formed in a free-standing photonic-crystal slab supports the resonant mode whose volume is only a few times [13] , [15] . The 's of the single-defect cavity mode are reasonably large and show lasing action [13] - [15] . Therefore, very high Purcell enhancement is achievable in the photonic-crystal slab single-defect cavity by combining the small-mode volume with a high-quality factor of the mode. It has been theoretically shown that the spontaneous emission can be strongly modified in the 2-D photonic-crystal slab structures [16] , [17] . The possibility of the application of photonic-crystal cavities to the strong coupling regime of CQED has been discussed recently [18] . However, the Purcell factors in 2-D photonic-crystal single-defect cavity structures have not yet been quantitatively investigated.
Very recently, authors have reported lasing action from the square-lattice photonic-crystal single-defect cavity freestanding in air [15] . This square-lattice single-defect laser operates in a new type of 2-D resonant mode to be classified as the smallest possible whispering gallery mode. The spectrometer-limited high was demonstrated experimentally. Due to the high and small mode volume, this whispering-gallery-like mode (WGM) has a potential for application to low-threshold lasers and the CQED. In this paper, we study the and the Purcell factor of the WGM formed in a square lattice photonic-crystal single-defect cavity with varying several structural paramters. The 3-D finitedifference time-domain (FDTD) calculation is employed in this investigation [12] , [17] , [18] . The single-defect structures are optimized to obtain high 's. It will be shown later that the total and the vertical of the WGM can be higher than 18 000 and 40000, respectively. Thanks to this large and small mode volume, a record high Purcell factor is achieved theoretically. In addition, the potential of this WGM as a practical electrically pumped photonic-crystal laser mode will also be addressed.
In Section II, the resonant characteristics of the WGM are discussed. In Section III, the of the WGM is calculated varying the structural parameters of the free-standing square-lattice photonic-crystal single-defect cavity. Section IV is devoted to the calculation of the Purcell factor.
II. WGM OF THE SQUARE-LATTICE SINGLE DEFECT
A. Band Structure and Resonant Modes
The schematic of the investigated single-defect cavity is shown in Fig. 1(a) . This structure is formed in a free-standing slab patterned with a square array of air holes. First, the band structure of a square-lattice free-standing slab without defects is calculated by using the 3-D preconditioned conjugate gradient plane-wave expansion method [19] , [20] . The calculated band structure is presented in Fig. 2 . The Brillouin zone and the corresponding real-space geometry of the square lattice are shown at the bottom of the band structure. Air-hole radius and slab thickness are 0.35 and 0.4 , respectively. The refractive index of slab material is chosen to be 3.4, which corresponds to the refractive index of InGaAsP at 1.55 m. In the band structure, the fundamental zeroth-order guided Bloch modes for both transverse electric (TE)-and transverse magnetic (TM)-like polarization are shown. There is a small bandgap between the point of the first TE-like guided mode and the point of the second TE-guided mode. The normalized frequency of the bandgap center is 0.327 and the gap-midgap ratio of this bandgap is 6%. This bandgap size is only one fourth of that of a triangular lattice having the same air-hole size and slab thickness [20] . Despite this small-size bandgap, well-confined resonant modes exist in the bandgap of the square lattice. It seems that a wider bandgap exists between the second and the third TE-like guided modes. However, since the second band extends to leaky modes above light lines in this case, resonant modes created in this region have relatively low 's.
Resonant frequencies and mode profiles of a single-defect cavity are calculated by using the 3-D FDTD method with the perfectly matched layer boundary condition [21] . A single defect is introduced by removing one air hole in the periodic square lattice. Computational space steps are 15 intervals per lattice constant in the FDTD calculation. The FDTD method calculates field distributions in the time domain. The time evolution of electromagnetic fields is generated by exciting a dipole pulse source with a Gaussian frequency profile in the vicinity of the defect cavity. The resonant frequencies are calculated by the Fourier transform of time-varying fields.
There are two types of resonant modes in this cavity, as mentioned in our previous work [15] . One has a fourfold symmetry and is nondegenerate. The other mode has a dipole mode shape and is doubly degenerate. Both resonant modes have demonstrated successful lasing actions [15] . The quadrupole-shaped nondegenerate mode has characteristics of a WGM with the azimuthal mode number of 2. This mode can be regarded as the smallest possible whispering gallery mode. The electric-field intensity profile of the WGM is drawn in Fig. 1(b) and the resonant frequency of this mode is indicated in the band structure in Fig. 2 as a dotted line. The resonant frequency of the WGM is within the full bandgap in most cases. The WGM exists in the bandgap region when the air-hole radius is between 0.32 and 0.4 . The WGM has a high in this frequency region. In the previous calculation, the largest has been obtained at the hole radius of 0.38 [15] . However, the resonant frequency of the dipole mode lies outside the full in-plane bandgap of the air-hole radius. Since both degenerate dipole modes oscillate predominantly in the -direction, the bandgap for thedirection plays an important role in the creation of the dipole mode in the square lattice. Therefore, the WGM can be regared as the only existing resonant mode in the bandgap of the square lattice. On the other hand, in the bandgap of the 2-D triangular single-defect cavity, there exist several resonant modes, monopole, dipole, quadrupole, and hexapole modes.
B. Characteristics of the WGM
One noticeable feature of the WGM is that it has a surprisingly high . It will be shown later that the vertical of the WGM can be higher than 40 000. This value is the largest one among the reported 's of the photonic-crystal cavity modes. In the triangular-lattice air-hole single-defect mode, the vertical of 30 000 has been reported by introducing fractional dislocation and a small air hole at the defect center [18] . However, in the dipole mode of a normal triangular-lattice single defect, the is only several hundred [12] , [13] . It has been pointed out that optical losses of the slab-type 2-D photonic-crystal cavity modes are dominated by the radiation loss out of the slab [12] , [24] , which implies that consideration of vertical coupling should be more important than that of in-plane mode confinement. Recently, Johnson et al. proposed an idea that the vertical radiation loss is strongly dependent upon the mode shape [25] .
The large vertical of the WGM of the square-lattice single defect can be understood from its WGM profile. There is an intensity node for both electric and magnetic fields at the center of this mode. Modes having a node of field intensity at the center of the symmetric cavity could be advantageous for the reduction of the vertical radiation, since the radiation intensity in the normal direction will be zero by destructive interference. It is also known that the whispering gallery modes formed in the microdisk cavity radiate mostly in the radial direction and the vertical radiation intensity is very low [26] , [27] . In fact, due to the exponential decrease of the with decreasing disk size, it was difficult to realize lasing operations in the whispering gallery mode of the micro-disk with a diameter smaller than 1.5 m and the azimuthal mode number 5 [28] , [29] . In the WGM achieved in the photonic-crystal structure, this in-plain radiation would be very effectively suppressed by the photonic bandgap. In this sense, the WGM of the square-lattice single defect undergoes very small optical losses by suppressing both in-plane and out-of-plane radiation at the same time. This also implies that the photonic bandgap is more effective than the total internal reflection for the photon confinement in wavelength-size micro-cavities.
The WGM has other favorable properties for the photoniccrystal microcavity devices. The intrinsic nondegeneracy of this WGM should result in a large spontaneous emission factor. This implies that the WGM has a high potential for thresholdless lasers. And, since there is an intensity node at the center of the defect cavity, electrical pumping can be achieved with minimal degrading of mode properties by placing a current flow post at the cavity center as in the case of the microdisk lasers. Using these properties, the WGM of a square-lattice single-defect cavity will find potential applications to low-threshold microcavity lasers and miniaturized photonic integrated circuits. The effect of a current flow path on 's will be addressed later.
III. QUALITY FACTORS OF THE WGM
In this section, the of the WGM is evaluated by using the 3-D FDTD calculation. The is obtained from the following equation: (2) where is the electromagnetic energy at time and is the switch-off time of the dipole oscillation. At first, the field is initialized by a single Gaussian pulse that excites only one resonance mode. Then we calculate the energy of the mode as a function of time. From the slope of the logarithm energy-time relation, is calculated. is decomposed into horizontal and vertical components. The horizontal quality factor represents the propagation loss of the guide mode along the dielectric slab and the vertical quality factor represents the radiation out of the photonic-crystal slab. The vertical quality factor ( ) and the horizontal quality factor ( ) satisfy the following relation: In our calculation, the boundary for separating vertical radiation from laterally guided modes is positioned at approximately half a wavelength from the surface of the slab [12] , [18] .
Resonant mode profiles have even or odd symmetry along each axis. Hence, only one eighth of the computational space is sufficient in the calculation of 's, which greatly saves computational efforts. We confirmed that the introduction of the symmetry did not change the values. The strongly depends on the computational domain size. So, this dependence will be treated firstly. In the following sections, 's of the WGMs are calculated for various single-defect structures. The optimization will be performed systematically to achieve the highest 's. In addition, the 's in the current injection structure will be studied for practical applications.
A. Quality Factors and FDTD Calculation Domain
Since the horizontal quality factor increases exponentially with the number of photonic-crystal layers, it is expected that the total ultimately approaches the vertical quality factor [12] . However, it is not realistic to increase the photoniccrystal layers indefinitely and it is desirable to make the photonic-crystal pattern size as small as possible for realistic microcavity devices. Also, a large domain size takes too much computational effort. Therefore, it is necessary to determine the proper number of photonic-crystal layers. The choice of the photonic-crystal size depends on the application area of the single-defect cavity. For vertical-emitting lasers, the should be higher than the . For in-plane routing applications, is generally advantageous. Recently, Noda et al. pointed out that, for trapping and free-space coupling of photons, the most efficient coupling occurs when the vertical and the horizontal 's are the same [31] . Therefore, the condition that can be used as a guideline for device design.
In Fig. 4 , the total quality factor and the vertical quality factor are plotted as a function of the number of photoniccrystal layers in one direction. The slab thickness and air-hole radius are, respectively, 0.4 and 0.38 . The number of unit cells increases up to 15 15 . The increases subexponentially with the number of photonic-crystal layers and begins to approach the . When the computational domain size is 13 13 unit cells, the total is over 10 000 and about half of the vertical . Therefore, the vertical and the horizontal 's have similar values in this domain size. From now on, the domain size of 13 13 is adopted and the total , rather than the vertical , is used to represent the genuine of the WGM.
B. Slab Thickness Dependence of Quality Factors
In the previous report on the square-lattice single-defect laser, the slab thickness was fixed at 0.4 [15] . However, this value of slab thickness is not an optimized one. Since the of the mode will be dependent on the slab thickness, it is necessary to investigate the effect of slab thickness on 's. First, the resonant frequency is calculated and plotted in Fig. 5 . The air-hole radius is fixed to 0.38 , where the highest has been obtained in the previous investigation. The resonant frequency decreases as the slab thickness increases, which means the effective refractive index of the resonant mode increases with the slab thickness.
In Fig. 6 , the 's are plotted as a function of slab thickness. The and are also plotted in addition to the total . Both the and the increase with slab thickness until 0.6 . When the slab is thicker than 0.6 , the begins to decrease and the total quality factor also decreases slightly. The always increases in the calculation range of slab thickness and it is higher than 50 000 when the slab thickness is larger than 0.7 . As the slab thickness increases, the cavity mode is more Fig. 7 . Quality factor as a function of air-hole radius when the slab thickness is 0.6 a. strongly confined inside the slab. Then, the tail of the mode profile outside the slab decreases. This results in the reduction of coupling to free space with slab thickness, and consequently, the increases. In the case of the , however, there is a maximum point. The increase of the with slab thickness when the thickness is 0.6 is also attributed to better confinement of the cavity mode with slab thickness. The size of the in-plane photonic bandgap increases with slab thickness and, hence, the will also increase. On the other hand, the decrease of the when the slab thickness 0.6 seems to be related to the appearance of higher order guided modes inside the bandgap [20] . As the slab thickness increases, the resonance frequency approaches the higher order guided modes with even symmetry. Then, the cavity mode begins to couple to the even symmetric higher order guided modes and the will decrease. Therefore, for thick slab waveguides, the argument that the will ultimately approach the can no longer be valid. In this case, the total will be limited by the rather than the , as one may see from Fig. 6 .
When the and the are combined, the total quality factor has a maximum value at the slab thickness of 0.6 . The highest total and the vertical in Fig. 6 are over 18 000 and 40000, respectively. The optimum slab thickness for this maximum values is around 0.6 with an air-hole radius of 0.38 . This slab thickness closely corresponds to the cutoff thickness for single guided-mode operation of the free-standing photonic-crystal slab [20] .
With this slab thickness of 0.6 , the total quality factor is calculated as a function of air-hole radius, as shown in Fig. 7 . Again, the highest is obtained with the air-hole radius of 0.38 . To summarize, the WGM of the unmodified square-lattice single-defect cavity has the highest with an air-hole radius of 0.38 and slab thickness of 0.6 .
C. Effect of Nearest Neighbor Hole Radius on Quality Factors
The of the WGM can be further increased by modifying the geometry near the defect region as have been performed in the optimization of the dipole [12] , [18] and the monopole mode [14] , [32] of the triangular lattice defect cavity. Here, the radius of the nearest neighbor holes is varied in order to increase the of the WGM. This situation is illustrated in Fig. 8 . The radius of holes adjacent to the defect is changed from to or from to . is the radius of all air-holes in the unmodified structure.
is the radius of the nearest neighbor holes along thedirection and is the radius of the neighbor holes along the -direction. First, the radius of all the nearest neighbor holes is assumed to be the same ( ). The total is calculated as a function of radius of these eight holes and the result is plotted in Fig. 9(a) . The radius of other holes is fixed to 0.38 and the slab thickness is 0.6 . The has the largest value when the nearest neighbor hole radius is 0.38 . That is, the change of the nearest neighbor hole radius is not effective in the increase of 's. Then, the radius of four neighbor holes along either thedirection or the -direction is changed while maintaining the other hole radius to 0.38 . In Fig. 9(b) , the is calculated with varying and is fixed to (0.38 ). And, in Fig. 9(c) , the is shown as a function of when . In the former case, change of does not increase 's. As in the case of Fig. 9(a) , the is the largest when is the same as the radius of other holes. In the latter case, there is a slight increase in when is 0.37 . However, the amount of increment is only about 3%.
As has been shown in Fig. 9 , the decreases in most cases when the radius of holes adjacent to the single-defect cavity is varied. It is interesting that the genuine single-defect structure with identical holes has nearly the highest s. This contrasts strongly with the case of triangular lattice single defect modes where highest 's are obtained from much modified structures. In the following calculations, the unmodified squarelattice single-defect structure is considered.
D. Post-Size Dependence of Quality Factors
In this subsection, we examine the possibility of the WGM for the application to electrically pumped photonic-crystal lasers. The photonic-crystal slab with an electrical post structure investigated in this subsection is schematically shown in Fig. 10(a) . There is a circular post with diameter of at the center of the defect cavity. This post may act as a current flow path for electrically pumped operation. Fig. 10(a) is one possible geometry of the electrically pumped photonic-crystal-slab cavity structure. For example, the post structure can be formed by partial wet etching of the underlying InP substrate layer. In the following calculations, the radius of all air holes in the square lattice is Considering that the current injection of the microdisk lasers has been realized by placing the current flow path at the disk center, the WGM in the photonic-crystal cavity is also expected the show successful electrically-pumped lasing operation using the structure in Fig. 10(a) . In addition, the thermal property could be much improved because the post can also supply a path for thermal conduction. The possibility of current injection and improved thermal characteristic makes the WGM of the square lattice promising also for the application point of view.
IV. PURCELL FACTORS OF THE WGM
A. Effective Mode Volume
In order to obtain the Purcell factor, effective mode volume and effective refractive index are required in addition to the calculated values. Here, the effective mode volume is defined as the ratio of total electric-field energy to the peak value of electric-field energy density [13] (4) The effective mode volume is calculated as a function of slab thickness as shown in Fig. 11 when the hole radius is 0.38 . Calculated mode volume is expressed in the unit of either cubic lattice constant ( ) or cubic half resonant wavelength ( ). In the unit of the cubic lattice constant, the effective mode volume increases with slab thickness, as is naturally expected. However, in the unit of the cubic half wavelength, it is interesting to observe that it has a minimum value when the slab thickness is about 0.5 . Considering that the resonant wavelength also increases with slab thickness, one can also find a condition where the ratio of mode volume to the cubic resonant wavelength is minimum. The effective mode volume is not changed much with the slab thickness if a cubic half-resonant wavelength is adopted as the unit. The effective mode volume is less than 0.1 . This value is about 30% larger than that of the dipole mode in the triangular slab single-defect cavity.
As the refractive index of material , we use the effective refractive index that is determined in a similar way by defining it as the square root of the space-averaged dielectric constant (5) The effective refractive index is plotted as a function of slab thickness in Fig. 12 . It increases slowly with slab thickness, which indicates the better confinement of the cavity mode inside the photonic-crystal slab cavity as the slab thickness increases.
B. Purcell Factors of the WGM
Using the calculated results of the resonance wavelength (Fig. 5) , the ( Fig. 6 ), effective mode volume (Fig. 11) , and effective refractive index (Fig. 12) , the Purcell factor is determined using (1). In Fig. 13 , the Purcell factor of the WGM is plotted as a function of slab thickness. The Purcell factor higher than 8000 is obtained when the slab thickness is 0.6 , where the value is the largest. This value of the Purcell factor is larger by more than two orders of magnitude as compared to the other previously reported values. If the vertical is employed as the maximum possible , the Purcell factor can be made as high as 20 000.
The Purcell factor is the degree of the spontaneous emission enhancement when the emission wavelength is resonant with the cavity mode under the condition that the emission linewidth is narrower than the cavity resonance linewidth. Over 10 000-fold enhancement of spontaneous emission rate means the reduction of spontaneous emission lifetime from ns-order to sub-psorder. With the total of 15 000, the linewidth of emitters should be 1 if the emission wavelength is near 1.5 m. Quantum-dot emitters will satisfy this requirement. The spectral width of quantum-dot material has been reported to be 3 eV at low temperature [33] , [34] .
However, it should be noted that such a high calculated Purcell factor may not be achieved in real experiments on spontaneous emission enhancement. For example, the emitters should be positioned at the antinode of the resonant electric field with the same dipole polarization in order to show maximum enhancement. In addition, interactions of emitters and the cavity mode become stronger as the increases, which could result in the Rabi oscillations, a reversible spontaneous emission processes of the strong coupling regime of the cavity quantum electrodynamics.
V. CONCLUSION
The WGM in the free-standing slab square-lattice photoniccrystal single-defect cavity is studied by using the 3-D FDTD method. Some unique and advantageous features are observed from the WGM. This mode can be regarded as the smallest possible whispering gallery mode with the azimuthal mode number of two. The fact that the lowest order WGM is created in the photonic-crystal single-defect cavity means that the photonic bandgap is more effective than the refractive index guiding for the photon confinement in wavelength-size microcavities. The nondegeneracy of this WGM will result in a large spontaneous emission factor, which implies that this mode has high potential for the realization of a thresholdless laser. When the quality factors of the WGM are calculated by changing the parameters of the photonic-crystal slab cavity structure, such as slab thickness and air-hole radius, the total and the vertical quality factor can be higher than 18 000 and 40000, respectively. In addition, due to the electromagnetic null energy at the center of this mode, the quality factors still remain high, even in the presence of a current flow path at the center of the defect cavity. This fact can be potentially applied to the realization of electrical pumped photonic-crystal single-defect lasers. Finally, by combining the high with the wavelength-size small mode volume, record high Purcell factors 8000 are achieved from the WGM. This dramatic change of spontaneous emission will open a new horizon of theoretical and experimental researches on microcavity quantum electrodynamics.
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